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1. INTRODUCTION

An infrared (IR) dctection system determines the
prcscnce or abscnce of a turgct in a purticular arca of
spacc by processing the rececived IR cnergy from that arca,
The target must be found amid ever-prvesent background
radiance and any intcrnal neoisc generated by the detection
system, In this thesis, onc type of system, called a
nutating optical svstem, is considered,

Infrirced detection is a combination of spatial {recquency

proacessing and temporal processing.,  Spatial {requency process-

inp is a means of achicving a modulated output {from the IR
radiance passing into the optical system so that information
may bue cuasily extracted [Ref., 14]. To extract this informa-
tion, some form of temporal processing is used. In a
nutating optical system, the optical axis rotates about an
axis perpendicular to the image planc in such a way that a
point image traccs out a circle in the image plane. The
spatial frequcncy'filter is a piece of IR sensitive matcrial
in the image planc which produces a voltage output that is
amplified and fed into a temporal filter for processing.
A nutating optical systew is frequently uscd in a missile
seeker because it produces a signal when there is no
tracking crror and the rotating optics can be made into a
gyro that provides the inertial rcference,

This work is a syathesis and extension of two rccently

published articles in the literature. 7The first, by
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Harger [Ref. 3], férmulutcs the detection theory of a
known signal in background ana whitce noisge. Since in 1R
target detection the signal is never known completely,
Harger's work is extended to che case where the target
amplitude and position arc unknown. However, a known
target shape is assumed as well as a priori statistics of
amplitude and position, Since detection is most difficult
when the amplitude is small, a test (called the threshold
detector) is derived that is optimum for wecak signals.

To specify the form of the threshold detector and to
calculate it performance, an cigenvalue intcgral equation
must be solved. Ordinarily, this is a difficult undertaking

but the solution becomes trivial 1§ the cevariance function

of the background process is periodic. This 1is exactly
i the conditicn realized for the background process out of
a nutating detector provided that the phase, which is
physically unimportant, 1s averaged out.
! Samuelsson's recsults [Ref, 11] specify the form of the

signal and background coefficicents in terms of the system

parameters and signal and background radiance. These
derivations were first published in a Swedish internal
report {Ref., 10], then re-derived in English by Yoshitani

[Ref. 6). 7The latter's derivations arc included in the

appendices.,

Samuclsson's cquations have been appliecd to a rectangu-

lar IR detector assuming a Wicener spectrum for the vandon

background and the cocf{ficicnis hove been c¢alculated,

¥
|
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!
Using these cocfficients, the optimum filter has been
g dctermined and the probability of detection computed as
a function of signal-to-noisc ratios and background-to-
) noisc ratios,
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. 11, SPATIAL PROCESSING

The spatial frequency filtering portion of the detection
; system 1is conprised of a lens system and an IR sensitive

detectes located in tho image plane, the focal plane

of the optics., To adecquately derive information
from the IR radiation, the lens system and detector must
be of a nature that causes the veltage output to be modulatced

in a way that information about a target within the field

e RN S A

of view can be processed. In a practical nutating optical
system, the lens system moves and the detector is stationary,
However, for conceptuval purposcs, this is equivalent to a

stationary lens systen and nutating detector.,

A.  TARGET SPECTRUM

The object te be detected, the target, is located
in the object plane a distance R from the lens and parallel BN

to the image plane as shown in Figure 1.1. Tiie 2ngle fro~

the perpendicular axis connecting the planes to the targes

ccordinates measured in the x-direction is called x and is ! -

measured in milliradians; the angle in the y-direction is

s y. The target is considersd to be clocse to the optical 3
'{ axls and at a sufficient distance, R, such that small angle
approximations may be made, .
= . I
Y X ¥ tan x 2 N
n ; (2.1) T
- : ¢ SO
- y = tan y IS
o % o
! 1 &
e
10 A
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Consider a target with a rudiance distribution
N(f) (W/cmz-sr) which is the radiant power into & unit solid
angle per unit projected arca of the sources. T =§(x,y) is
a vector whose origin is the perpendicular axis connccting

the coordinatcs.

Assuming no atmospheric attenuation (this can bc

included in N(r) if it exists) and perfect optics, the power

distribution in the imagec planc is
Pi(r) = N(r) - RO (w/sr) (2.2)
where AO is the effective entrance arca of the optics.

Dividing by AO’ onc can sce that the radiance

distribution in the image plane is numerically cqual to the

T e e et~ S e P gy e T

| radiance distribrtion in the cbject plane.
However, because the optics is not perfect, a

point c¢bject given by

[ —

g Hp 6(r) = Hp 8(x) 8(v, (w) , (2.3)

5
(whers Hp (W/cm™) is the irradiance at the optics tveceived

from the point source) is imaged as a power distribution

f Hp + £ (x) (W/em? St) (2.4) g -

vhere fo(r) (sr’l) is the point spread function of the

optics, Irradiance is defined as the radiant flux indicent |

on a surface of unit area [Ref. 5].
Therefore, the radiance distribution, N(r), in the

object plane will be imaged as

T
PRy Y — . .,

N'(r) = [N(res) £,(s) afs (w/emPsr) (2.5)

T WL TR T T L
I

12
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where dzs = dxdy and the integration is over the entire

image piane,

The detector is a space filter in the image plane
which may be a moving retical or simply an apertare across
. which the power is integrated.
§ | The power in the image planc incident on the detec-

tor is

Ho~ 8 <(r) d'x (k/cm®) (2.6)

where 1(r) = 1(x,y) is the transmittance of the detector.

When the detector moves as a function of time, the

power incident on the deitector bzcecomes » function of time,

2

()} d°r W/ em?) (2.7)

(e}

[ -
~

il(t) = J.\ (:L:) T(.‘

where p(t) describes the movement of the detector in the

image plane.

| A nutating detector woves circularly in the image
planc but its orientation remains fixed, i.e., the coordin te

system (x',y') shown in Fig. 1.2 does not rotate. The nut .-

fe e e  ——— o

tion rad.us measurcd with respect to the optical axis i3
given by p.

Assuming a nutating optict and no relative motion
between the target and the optics, the radiance on the

detector will be periodic and thus can be expanded in a

o s 4 = s o+ e,

Fourier serices

4 © jnwot
H(t) = & H ¢ 0 <t <T (2.8)
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wvhere

T 'jnwot
f H(t) ¢ dt
O

o
o
==

Replecing H(t) by equation (2.7),

T 'jnwot 5
f dt ¢ d‘r N'(r) (r-po(t)) (2.9)
A 2 : 4

b
el L

The motion describing fuaction, p(t), for circular

nutation is
p(t) = p(c05wot, sin uot) , (2.10)

where Wy © 2a/T (rad/sec) is the radian frequency of nutation i
and T is the period for one nutation,
Substituting (2.10) in (2.9), Hn can be shown (see

Appendix A) to be

. . -j T30 24 42
Hy = 3™ [N or) eI g (2ne VR Fek %) ak (2 11)

,_.Circular Nutation Path

— L !

Spatial Fre-

P - T quency rilter
P \\ 5 (detector)
/ \ %
/ IMAGE origin of X X
PLANE space filter .~ \ :
/ A coordinates }
origin of = nutation radius 3
/ image plane o e '
| coordinates \

X

Figure 1.2. Circular Nutation in the Image Planc.
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where k = (kx, ky), two-dimensional spacial Fourier
transform coorainates [Ref. 8],

N'(E) = trans{orm of radiance distribution in the
image planec,

T*(X) = complex conjugate of the transform of the
optical transmittance function in the detector
coordinatc system,

o = tan™! ko /gy

p = nutation radius,

and Jn(:) is the uth order Besscl function of the first

kind. It has becen assumed that the image plane is very

large compared to the radiance distribution [rom a target
' so that the image plane may be considered infinite for

mathematical purposes.,

B. CORRLLATION OF BACKGROUND NFISE \

I The background power incident on the detector is from

a sample background scenc where a scene is a two-dimensional
random process characterized by the radius vector r = (x,Yy)

from the optical axis.

Cwm N vy

Let N(r) be a sample scene radiance distribution on the

object plane from an ensemble ot scenes which has been given a

suitable probability structure. The background power incident
on the detector is | o
B(t) = f N'(x) t(r-p(t)) ¢’r . (2.12) |

The covariarnce function is defined by taking the expected

value




E([B(t)} - E{B(t)})(B(u) - E{B{u)}] = RB(t,u) {(2.13)

where L denotes the expectation over the enscmble of scenes.
Becausc the detector is nutating, thc randem process, B(t),
will not bLec stationery. However, if the detecter and
background do nct move with respect to each other, then

RB(tl,tz) is doubly periodic:
RB(_t1 + MT, t, ¢ NT) = RB(tl,LZ) (2.14)

where i w1 N arc integers.
It can be shown [Ref. 7) that the form of the covari-
ance of a doubl, period process is
© meotl

Rg(ty,t.) = I B¢ e iMoot (2.15)
m,n

Becausc the nutation is periodic, over the ensemble of
scenes, there is little significance in the starting time t©.
Therefore, considering t as a random variable that is
uniform over the nutation period, one can "average it out"

of tic covariance function as

T

Ry (1) = % IRg(ter,t) dt . (2.16)

o

Substituting (2.16) in (2.15),

Rg(1) = I B e ° o dt. (2.17)

=
=
o
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Using the rclation

1 T j(u-v)wot
Suv =~ / e dt , (2.18)
0

the corrclation function brcomes

jnuoT
g ¢ . (2.19)

RB(T) - n

a8

Equation (2.19) shows that B(t) can be considercd a
wide scnse staticnary process and that it is periodic in

the mean square scnsc;, i.c.,

RB(T) = RB(T+T) for any 1 (2.20)

The power spectral density is the temporal Fourier

transform of RB(T). Taking che transform one has

S5 (%)

X
= §
S8

8!\ 'S(L)'nuo). (2.21)

The cocfficients, §,» can be related to the optical

system parameters by

I (RO TN OIS I R CA TN I & N C TS

where FO(E) is the transform o, the point spread function,
and WB(E) i1s the Wiener spectrum, the transform cf the back-
ground correlation function., This derivation was {irst made
by Samuclsson [Ref. 10] in an internal Swedish report then
again by Yoshitani [Ref. G6]. Yoshanti's derivation has

becn included ds Appendix B,

a MM AL B PO TA B T e D % P
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Equation (2.19) implies that the background, B(t), can
be represented by a Fouricer series with uncorrclated
cocfficicents [Ref, 7). Thus,

Jnw,t

B(t) = L bn c (2.23)
n

where the convergence is in the mean square scnse.

The coefficicents, bn’ satis{y

E(B(t)) n=20
E(b,) = . (2.24)
0 n¢¥o0
Morcoveyir, they arc uncorrclated
81 m=n
E(b b ) = ! . (2.25)
! 0 m¢n

C. WHTTE NOISL COMPONENT

In an actual system there will be a certain amount of
internal noise gcnerated in the dctector and preamplifier
which is additive to any tackground noise or signal. In
the frecquencies of interest the primary source of this
noise is thermal agitation. This type of noise, calied

Johnson noise, is assumecd to be white and Gaussian.

Let W(t) be Gaussian white noisc with power spectral

density ; (VZ/HZ). The power spectrum at the output of the

preamp with bandwidth B is shewn in Figure 1.3,




Mag.
(V/H)

N/2

-B B Frequency

(Hz2)

Figure 1.3. Power Spcctrum of Whitc Noise,

The RMS voltage mcasurcd at the output of the preamp is

v

Vvirms = S+ 2B = N3 ey . (2.20)

19
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111, TEMPORAL PROCESSING

The output voltage from the detector is temporully pro-
cessed to determine the presence of a target. The type of
processor is determined by applying statistical detection
theory to thce known behavior of the nutating system and var-
ious realistic assumptions about the system and the target.
An optimum processor in thc scnsc of small signal amplitudes,
called a threshold detector, is developed in this section.

Harger [kef. 3] decrived the detection theory for the
known signal casc in the prescnce of additive background and
white noise components. In IR detection, the target ampli-
tude and position arce usually not known complectely. The

drteoctor is an oxtencion of Hargeris vork which

rs1on s
accounts for thce unknown amplitude and position.

The form of the optimal detector under the Nevman-Pearson
criterion will be derived for multiple obscrvations. It i
assumed that the image plane and object plane remain parallcl . 1d
stationary with rcspect to each other during the observati ns.

The detection of the target under the Neyman-Pearson
criterion bccomes a problem of hypothesis testing. The
task of the detector is one of choosing betwecen two
hypotheses, Hy that only noise is present and Hl that in
addition to the noise there is a target present. The design

of the detector is one that permits the correct choice of

hypothesis ”1 (a detuction) with maximum probability of

detection, Qd, in a fixcd probability, QYA’ of chovsing




—— = — T

e P n A 8 Wt

e v«,m_._a.--—m-unﬁﬂlllil

”l when HO is truc (a false alarm). The structurc of the

Neyman-icarson criterion requires forming a likelihood ratio,
AlO’ which is compared to a known threshold, Vt, specificed

for a given false alarm probability. 11{ the likelihood

ratio excceds the threshold, hypothesis Hl is assumed true

and if{ not, hypothesis H0 is assumed true. The logic process

may be written

(3.1)
H, ¢

where the threshold, Vt' is =rived from the cxpression

QI:A = {, p(zf”].) dz

(3.2)
t

and 2 is a sufficient statistic of the received data.

A, DETECTION OF A KNCOWN SIGNAL

The data for processing is a sct of M functions of time

{Zn(t), n=1l,...,M} where each function is the output of the

preamp during one nutation (0,T). T is the nutation period.

The output may be represented as

Zn(t) - Sn(t)+ B(t) +Nn(t); 0<t<T, n=1,...,M (3.3)

Sn(t) represents the output due to a target, The component,

B(t), represcents an additive background and is a sample

function of a random field (B). The reclative size of the

target in the ficld of view is assumed sufficicntly small

that the background is additive while B(t) is assumed to be

21




the sample function during cach of the M nututions observed.
Nn(t) represents the additive noisc component due te the
internal noisc of the detcctor-precump combination. Tt is a
samplce {function of a white Gaussian random process (Nn) of
zero mean and power spectral density N/Z(VZ/HZ).

The two hypothceses for the likelihood ratio may be

written as

Hyp (2,(8) = Sp(t ) + B(t ) + Ni(e) 5 n=l,...,M)
(3.4)
Ho: {Z,(t) = B(t ) » Nt ) 5 n=l,...,M

Denote the likelihoeod ratio as Alo({Zn}) where the like-

I lihood ratio is def{ined as
1

t pL{zZ, }iH)) '
MoUZah) = 5 T, (3.5)

# The likelihood ratio is complicated by the fact :n and
Z_are not independent because of a common noisc component

m
B(t). 7o simplify the derivation Harger introduced an

auxillary hypothesis

- Nn i n=l,...,,M}, (3.6)

Then the likelihood ratio, AlO’ can be computed using

the chain rule for likelihood ratios:

p({z }iH)  pU{z }H)/pUZ }H,)
A = L = _h-
10 p(IZ FH))  pUZ FH/p(TZ 3 [H;)

Aya/ho2-
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If the sample functions {or the background, B, were non-
random, Zi(t) and Zj(t), i ¢ j, would be mutually indepen-
dent becausc of whitc noisc. Accordingly, if B were fixed,
onc can write the conditional likelihond for the nlh
observation A?Z ({En]|§). Morcover, the likelihood ratio

for M observations would be the product of the likelihood

ratios for cach singlec obscrvation,

M
. n
Mg (EHIBY = 1L Ay (2,000
n=1l
The conditioning is then removed by averaging over the

ensemble of backgrounds

Since the noise is wnite Gaussian, the conditional
likelihood ratio is that for detecting a known signal i

Sn*Bn in white Gaussian noise and has the well known fornm !

.y

({Ref. 15], page 253)

n ' , M T
Ay, ({gn}!g) =exp iy I/ I (8)(S (t) + B(t)) dt
n=1 0
M T
1 2 ] :
- = I [ (S_(t) + B(t))" dt
N n=1 0 n l T

which may be rewritten as

N , M T i
Alz({Zn}IB) = eXP | § T/ Zn(t) Sn(t) dt i
n=1 0 i
, :
] M T )
Y o/ S, (t) dt} exp a(h) (3.14)
“n=l 0
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where¢

» M T . M T o2
a(b) = & nf) 6 (2, (t) + S (t)) B{t)dt - § é BY(t)dt, (3.15)

. . . X n
To rind Alo({zn}), onc must evaluate EB[A 12({Zn}|B)]

where

M T
n _ 2 )
EB[A 12({2n}!9)]__ exp {N nil é Zn(t) Sn(t) dt
(3.16) '
1 M T 2 g
- ¢ L/ S "(n)dt} « Ey {exp a(b)). fﬂ
n=1 0 _ i

Assum’ng the background is Gaussian the expectation can be

evaluated by r.presenting thc background in a Karhunen-

Loeve (K-L) expansicn

iy P gkt by

B(t) = Zb, ¢, (t) , 0<t<T (3.17)

z
K

where @k(t) is the eigen{ nction coricspending to eigenvalue
i A of the homogencous integra' equation
{
| | ]
! Akek(t) = é Rb(t,u) ¢k(u)du » 0 <t < T, (3.18)

Rg(t,u) is the covariunce function of background

Ry(t,u)  EC[B(t) - my()][B(u) - my(u))) (3.19)

where mB(L) is the nean of the background.

TR ————y gy oo
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manner.

In Eg {exp a(b)} = - %

I
k
T M

dt I
n=1

2
+ J
N 0

- ITdr {m, (t) - Z
z 0 B Eﬂl

T

; and h(t) satisties

T

q(t,u)

when the mean is

zero [Ref.

tion, one can also write

= Wk
q(t,u) pX
k N
™k
Ising cquations {2.9), (3.10),

- -

w i — — PO

(2, (t) - S (%)) 6 du 2

it 2
—

7% q(t,u) + J RB(t,l)q(r,u)dr = RB(t,u) 0 <u, t <
0 - .

z% h(t) + 6 Ry (t,)h(t)dt = my(t) 0 <t < T.

is reduced in amplitude by 1/M.

0y (1) of (u)

15].
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Then Eglexpa(b)) can be calculated in a straightfcrward

After the lengthy calculation shown in Appendix C

In (1 + go 1)

T M

RN CRORENCMICHD

(2,(£)-5, ()]} h(t) (3.20)

wherce q(t,u) satisfies the integral cquation

-3
~
w
[g®)
—
[

(3.22)

is the impulse response of the filter that gives

~

the minimum mean square error estimate B of the backgroun

The additive white noise

Using the K-L representa-

0 <u, t <T

(3.14) and (3.20) and

TR gl WA Y i
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observing that

AOZ({Zn}) = Alz({Zn})[Sn = 0 (3.24)
it can be shown (sec Appendix C) that the likelihood function
for hypotheses H1 and Hy is

M T

Alo({zn}) =exp { Z S Zn(t)qn(t)dt + K'} (3.25)
n=1 0
where
2 1 T M
qn(t) * N [Sn(t) ol < é Xl SQ(U)Q(t.U)dU] (3.25a)
2‘:
and
K,=_}1JMT ) , TTM. M
L/ S_“(t)du + S Y Z S _(t)S,(u)q(t,u)dtdu
n=10 " N fop=1 gep MR
2 M T
-5 r S Sn(t)h(t)dt (3.25b)
n=1 0

The logarithm is a menotonic function. Thus it offers
no loss of information but greatly simplifies the calcula-

‘tions., In the remaining work

Ajo 2N = In Ay ({2 ) . (3.26)

Rewriting equation (3,25),
A'lo({Zn}) = L ({Zn}) + K! (3.27)

where

20




M T
L2, ) = T L2 (8q,(0de

K' does not depend on the input data so it may be included

in the threshold. The hypothesces test now becomes

H,

L( Z_) . Threshold .

n
Ho

(3.28)

It is also possible, as Harger has shown, to derive

tests similar to (3.28) without making the Gaussian back-

ground assumption, In particular, if the background fluctu-

i
ates many times over (0, T) such that a(b) o. (3.15) is

approximately Gaussian, then the test is

H

MoOT !
r Zn(t)gn(t)dt < Threshold (3.29)
n=1 0 H
0
where
' T M
1 M , 1. ,
g (1) = [S () - 55/ Rglt,u) [ T S, (u)}dul
0 2=1
Since by Mercer's theorem
= 1]
Ry (t,u) i Mo () of(w), 0 <t,uc<T (3.30)

on comparing A 8 and (3.121),

it is scen that the above
model approaches the Gaussian model if

n
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The above condition, which implies a weak background, is
sufficient but by no means necessary. The two models
apprqximate each other whenever the second term of a, and

g, are necarly identical. The point is that while the
Gaussian background assumptior may not fit the reality,

a processor based on thc assumption is probably not far

from being the optimum. Also, the Gaussian assumptior allows

one to compute the processor performance.

B. DETECTION OF SIGNAL WITH UNKNOWN PARAMETERS

The likelihood ratio derived in scction A is applicable
only if the signal is known complietely. Such is seldom the
case in IR target detection and in general the signal is a
function of some unknown parameters. Typically, the ampli-
tude, a,0of the target and its position ;o in the image plane
are thc unknown parameters, and the form of the signal can

be rewritten to include these parameters:

Sn = Sn(t;a, ro)

Furthermore, by assuming that only point targets are of
interest and including the assumption of fixed image and
object planes over the number of nutations of intcrest,
the shapec of the waveform will be the same during cach

nutation. However, the amplitude is allowed to vary between

successive nutations,




The signul weveform may now be written as

sn(t;a,?o) ~a (t,T)) (3.31)

n

where a, is the signal amplitude and f(t,;o) is the signal
shape for a target at ?0.
Rewriting hypothesis Hl under these assumptions

gives

Hy's {2 () = anf(t,?o) + B(t) + N_(); n=l,...,M

0<ts<T) (5.32)

The likelihood ratio AlO bacomes the conditional

likelihood ratio AIO({Zn}la,;o) obtained by replacing

2 s, (6) by a (1, T,) everywherc in (3.28).
: Assuming a priori statistical knowledge of a and ;o’
and their independence, the likelihood ratio may be
N averaged over the respective density functions to prcduce
i : an unconditional likelihood ratio
Aoz )y = fjﬁlo({zn}{g,?o)p(g)p(?o)dgd?o. (3.33)

< N . -
Instead of averaging as above, one could estimate a and T,

by the maximum likelihood procedure and substitute the
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e . 13 - [ 3
estimated values a and T, in the conditionail likelihood
ratio and try to maximize the generalized likclihood ratio
T However, this proccdure is not followed

A10((zn}l§’ 0)'

here because the maximum likelihood estimates are difficult

to obtain,

Since the main interest is in dctection pf the weak
target, the small signal case is of primary interest.

Expanding Alo({zn}\g,?o) ir powers of signal amplitudes

M
-> 3 >
Alo({Zn}lg,ro) 1 +n51 8, 53; Alo({Zn}Ig,r0)|§=0

(3.34)

M M 2

1 3 *
v7 nfl kEl n?x 53;33;'AlO({Zn}lg'rO)]§=0

Integrating (3.34) as in (3.33) term by term and

retaining only the first non-zero term that depends on the

data provides a statistic which is optimum for weak signals

and is called a threshold detector [Ref. 4],

The evaluation is made easier by the fact

) - 3 -+
Az Y|a,r,))| = In A, ({Z_}|la,r,)] (3.35)

9a, 10 a7 llrTg '5,0 EEM 100 712070 ax0 i
which recsults from i ;
- 3
A((Zn}lg,ro) = 1 !
30 j

e an
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The first non-zero term bccomes

N DU SR T I PR P

T
) .2 . 2 >
-5—8-— in Alo({Zn}lg,r )l ‘ N J Zn(t)f(t,ro)dt
k a=0 0
‘ ' s T T .
"N é Zn(t)dt 6 q(t,u)f(u,ro)du
T . s
- (e, TRt (3.0 |
0 3
Performing the intcgration over ;O’ ;s
, M T . T ] 2
s - : " ( -
Alo({Zn}) 1+qg ¢ a / Zn(t) ({(t) S q(t,u) f{u)du] 3
n=l 0 0 g .
: T.
] -/ f£(t) h{t) dt (3.37) ;-
R 0 -
i where the bar denotes the averaged quantities., The first i{
and last terms arc¢ indcpendent of the data and may be . A
included in the threshold value, Moreccver, if the ampli- ‘ ?1
-5 tiudes are identicaliy distributed, as is generally the case, ;'
; the threshold detector performs the test ,‘fl
M oT "
- >
W= T /2 (t)q(t) dt _ W (3.38)
n=1 0 " t
H
0
' where wt is the threshold and i
P S
q(t) = N [£(t) - F q(t,u) f(u) du) . (3.39)
: ) 0
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Thus the threshold detecctor can bc mechanized either as a
corrclator or matched filter followed by an accumulator.
The filter function q(t) may be represented in a series
oxpansion in terms of the eigenfunctions of RB(t,u) and the
cocfficients of the signal expansion. Expanding £(t) in

terms of the eigenfunctions:
£(t) = L £,0, (1) . (3.40)

Substituting (3.40) in (3.39) and using (3.23)

» E‘
q(t) = gm ; ;EF:—:-¢k(t) . (3.41)
k

C. EVALUATION OF PERFORMANCE

The Gaussian assumption was made in deriving the
threshold statistic; therefore, the threshold statistic
itself is Gaussian, This means that the probability of

are

detection, Qd, and probability of false alarm, QF&’
uniquely determined by second-order statistics, e.g.,
the means and variances of W under hypotheses HO and Hl'

Recall that the threshold statistic is

M T
W= L JZ(t) q(t) dt. ' (3.42)
n=l 0 ' |

The means and variances of W are:




M T
E(W[Hy) = L/ q(t) E(B(t) + N (t)) dt
n=l 0
MoT.
= L J q(t) mB(t) dt
n=1 0
[H,) L £(t,T,) + B(t) + N (t)] d
E(W|H,) = L 7/ q(t) E[a t,T,) + B(t) + t t
(WiH, nel 0 ( (a, 0 m
M T i
= E(W[HO) + L[ S f(t) q(t) dt
n=1 0

VAR (WIHO) = VAR (W]Hl) = VAR

q(u) Rg(t,u) dude
(3.43)

lLetting pw('lHi) be the Gaussian density function of

W under Hy which is specified by the equations above, then

QFA - é pw(xlﬂo)dx (3.44)
t

and

Qg = / b, (x1H )dx (3.45)
wt

where wt is the threshold voltage.

Equations (3.43) and (2.44) can be solved to yiecld

— i e o mnts et apopsnAROENEE LIRS . .




Qpp = ¢.(X) (3.46)
and
Qq * ¢ (x-d) (3.47)
where. )
. - W - E(wiuo] |
YVAR

d is the equivalent signal-to-noisc ratio

E(WIHI]
vVAR

M T. i
I a_ [ f(t) q(t) dt
_n=1 "o (3.48)

T T T

Mo g2 de o o ! Q(t) £ §(u) Rg(t,u) dudt
0 0

and ¢C(g) is the complementary error function of the kind

2/2

: 1 Y
¢.(g) » — J ¢ dv (3.49)
d TT g

By setting a desired probability of false alarm, X
may be determined from equation (3.49). The probubility

| of detection is then determined by solving for d and using

equation (3.47).

By substituting (3.41) and (3.42), and using (3.23),

the numerator of d is

34
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' M T Moy LEL? f
] nEl 8, {) f(t)q(t)dt = nfl ™ i -N—:—)‘— (3.50a)
i M k

while the denominator of d (see Appendix D) is

N |7 |%k|2 4
m“ Y L N (3.50b)
k m* Ak

Thercforc the effective signal-to-noise ratio is

d =3 "o - l%klz ]k
= = ! a /Zﬂ L —— g . (3.51)
i Mn-l n N [k 1l + N )\kJ ]

Knowlecdge c¢f d along with (3.46) and (3.47) completely
speci{ies the performance c¢f the threshold detector,
The equivalent signal-to-noise ratio for a target whose

amplitude and position are known is easily shown to be

=1t o Bt £, (F)° ! T’ (3. 2)
| Maap ™ YT [k K00 13
By letting the background be zero it will now be shown {r

that d' reduces to the equivalent signal-to-noise ratio for
a known signal in white Gaussian noise which is well known
[Ref. 4].

The energy dissipated during one observation in 8 resis-

tor of 1 ohm if the sigral anf(t,?o) is the voltage across

that resistor is

35
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The voltage resulting from M observations then is

Substituting (3.54) in (3.52) with Ay " 0,

d*' = vVE M = [E W ,
VT VN

i which shows the familiar result that detectability depends

only upon the signal encrgy and the signal-to-noise ratio

increases as the square root of the number of observations.

T o . o N
| B, - alJ Pt (e (1) L1} (ep(e)de
o ')
? .
1 w a5 |£.(F . (3.53)
: nog k''o :

VE = & R NI b (3.54)
L - T a . T . ) .
Moay ™ Moo g k*'o |

-y,
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IV, THRESHOLD DETECTOR FOR NUTATING SYSTEM

In an infrared detection system the output voltage to
be processcd is obtained {rom a detector-prcamplifier com-
bination. The irradiance on the detector in W/cm2 is con-
verted to volts with a linear scale factor. The voliage

output can be written as

v(t,?o) = xn(t,?o) (4.1)

where H(t,?o) is the irradiance on the dctector from a target
at position ;0’ and K is 2 scale factor in (V/W/cmz). Also

the covariance function may he written as

Ryp(t) = E(KB(t+1) KR(t)) = KZRB(T], (4.2)

where B(t) is the irradiance on the detector due to a partic-
ular background scenc. The output voltage du¢ to this scene

is

Vg = KB(t) (4.3)

The problem now is to relate the detector-preanmplifier
output to the equations derived for the threshecld detector.

Jt was shown in Part III that an optimum processor for
weak signals was a threshold detector that performed a
certain linear operation on the data. The linecar filter was
spucified in terms of the cigenvalues and eigenfunctions of

the integral equation (3.12), where the kernal RB(t,u) is

the covariance function for the background.
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In Peavt 71, the rovariance function was notced to be

o

periodic. Rewriting (4.2) in terms of the cutput veltage

jku (t-u)

\ 2 7
R p(t,u) = K i Ry e (4.4)

Supstituting (4.4) into integral eguation (3.18), the solu-

? tion for the eigenvalues and eigenfunctions 1s trivial with

b

jkw t

b _ e ©

( ¢k(t) - -

j T

E and

: .2 .
3 S

} Nt NOBT (4.5)

where T is the nutation period.

_____

and could be ecxpanced in a Fourier sories

® . jkwot
v(t) = K i Hk(ro)e . (4. )

- T s -

Tecognizing the similarity between equations (4.6) and (3. 1),
the signal coefficients for a known signal which is expanded
} using the basis set above become

' fk(r Y o= KHk(ro)/T (4.7)

0
: For the threshold detector, the signal is averaged with
respect to an a priori density function for ?0. Averaging

can be done with the ccoefficients tc give
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%
i
f
i . - - -
| fe= I (rdr,
;g = X/T f wk(¥0)p(ro)dro (4.8)
E | Kv/T Py
E Using equation (2.10), the coef{ficients ﬁk can be written
i as
b
. L . ST ik
= ~—- vt . » J n¢ - .
; T fdrop(xo) IN'(R,T )T (k) e Janho‘\kx+}yld kK (4.9)
i The transform of the radiance distribution from a target, ’ff
4 , B

N‘(k,?c) is a function of the target radiance, R(k), the

; . + X .
: position of the target, T, and the point spread function of

the optics, FO(E). Rewriting (4.9),

) . )
H, = iD ]a KR(K) T*(K) Jn(zwo RS

2T i
-jonk,T

3 ‘ fd?o p(T e °  (4.10)

Y MTTSTUNWE, S W T o

If the density function, p(ro), is assumed Gaussian with a

staindard deviation Poe then the averaged coefficients heccme

S2nplxZexdy o |
X Y tr(k)e J“'Jn 2194 k

-

The Gaussian assurption on 'y is reasonahlie hecause T

g
| i~ 3" [raoe
§

often represents a pointing error from some designated tar-
get position. Then P, describes the accuracy of the pointing
mechanism. Substituting (4.8) into (3.42), the filter func-

tiorn for the threshold detector becomes

Dt e e . o L VR U

o jku;ot
a(t) = KT iy VT —y—— | —— (4.12)
k 1+ % K°py0

i




Rewriting the equivalent signal-to-noise ratio in tecrms

of equations (4.8) and (4.12) one has

M 3 !
M L. oag /TN
4 - 1=l r i | M%ET“— (4.13)
6.72 k l . ~8_}(.
N/ 2
It will be shown in Part V that By may be reprcsented as
2,2
Bp < O RTQy
where OPZ is the amplitude of the backgriound noise coricla-
tion function, Q2 is the instantaneous field-of-view of the '

detector and Q is an integral function of the optical and

detector paramet~rs and correlation length of the background

radiance.
Definc the fcllewing terme:
1 Mo
N ﬁ nzl an/’f
Signal-tc-noise ratio (SNK) = (4.143)
¥N/2 !
OBQKV'T !
Background-to-noise ratio (BNR) = ————— (4.14b) i
' YN/2

Using (4.142) and (4.14b), d may hte rTewritten as

r %
- 2 l ]
d = SNR /N |1 ji| < (4.15)
Lk 1 + MQ,BNR®

{
|
I
-

Noise cquivalent irvadiance (NET) may be defined at the

detector-preamplifier output to be
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w

K'NEI = \/% + 28, = /§F (4.16)

where B is the detector-prcamplifier bandwidth.

The SNR and RNR may now be written in terms of the NFEI as

<a>/NTEB

— e B ‘R
NET SNR' /NTE

vM SNR =

where NTB is number-time-bandwidth product and

(o]
/M BNR = Ng} /NTE = RYR' /NTE.

Expressing d in tcrms of NEI one has

}

| bt 2 1 ki

| d = SNR' VNTF £ |H, | - . (4.17)

| ko 1 + Qy NTB BNR' &

| k-

' ] .77 l
4

j '-:‘

! e

| 3

| -

|
3
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V., SOLUTIiON FOR RFCTANGULAR DFTFCTOR

The equations in Part I1 for the detcctor-preamplifier
output voltage and the correlation function of the background
must be solved to obtain the filter function and specify the

detection system performance.

The two gecneral equations obtained in Part Il are

* .1 . -jn8~?o 3 * -jné
Ho(r ) = J7[R(K)e Fo(k)t*(k)e

vhere Hn(?o) is the nth Fourier series coefficient {or the

radiation on the spatial filter and

N 7
K

N 2w 2 2.2
B = JITGO1T TF (017 w0 3y (2o fkiekD )a

wherte Bn is the nth coefficient of the background correlation
function at the spatial filter,.

A rectangular shaped detector was chosen for the calcu-
lations because it exhibited the sirmplest fcrm of the

equations. For circular nutation the filter is rcpresented

graphically in Figure S5.1.
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Figure 5.1. Nutation with Rectangular Detecltor.

If the detcctor function is given by

1 X TW/Z L xT g x W/
Yo-h/2 - y' < vo+h/2

T(x',y') =
0 otherwise

then its transform is

-j2n(kxxo+kvyo)
e ’ . .
t(kx,ky) 5 - nzk N Sln(ﬂkxw]SIR(ﬁkyh)
xy
so that
.2 .2
2 sin (nkxw) 51n'(nkvh)
|T(}__()| = ] 73 (5.1
™ kx m ky

The point sprcad function of the optics is assumed to

be Gaussian:

- A
N ‘ L.
-




1 2%
fo(r) = — e
- 210

Its transform is

-2n8gl (ki*kg)

Fo(k) = ¢ (5.2)

The correlation of the background radiance is assamed to

be cf the form

2 - -
OB(x,y) =cg e alxlc Bly| (5.3a)

where a'l and B'l arc the correclation lengths in the x- and
y- dircctions, respectively. The Wicener spectrum is the
Fouricer transform of ¢p:

2a 28

WB(k) = 02 = T Y k)
- a” o+ (Zﬂkx) B™ + any)'

B

(5.3h)

Substituting (5.1), (5.2) and (5.3b) into (2.10), the

tadiance from a point target becomes

o]

7 2 9
. sjam(k T +k.t.) -2n%0% (K +k>)

jZn(kxxo¢kyyo) sinvkxw sinvkvh

oe Py
fFRx ﬂky

-in tan‘lcky/kx) —
e Iy Zno\/;;*ky dkydk . (5.4)

Letting

44
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equation (5.4) becomes

. . -(u§+u2)
u Hn(To) b l-z- c Y
> n
N
-jég [Erx-xo)ux+(ry-yo)uy]

‘C

: -1
-jn tan “(u,/u.) e
e rox Jn(~§3 /ui*u; dudu,  (5.8)

If ;o is random, the radiance from a target may bc
averaged with respect to the density function p(?o) as shown

in Parcv IV. In particular, if T _is Gaussian distributed,

o
with standard deviation Py the averaged coefficients hccome

2.2,.2..7 . .
- jnfc-zn YIOrRY T2 gtk Y )
n

sinvk w sinwﬁyh e-jn tan-l(ky/kx)
nk_ nk

Jo (2no /k;¢k; )dkxdky (5.6)

where
Y2 . Pg . o0
i Letting ?
u;( = /Z'kax )
u; = /fnyky

equation (5.6) beconces
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2 '2 Y2, o' =1, 4, 4
- j B - vy - t
H = l;.[; (ux un) ej Y(uxxo uYyo) e jn tan (ux(uy)
n n

[
/2- ] ]
I \—73 /ui+u3 )duxduy (5.7)

And finally substituting equations (5.1), (5.2) and

{(5.3b) into equation (2.22), the correlation coefficients

become (
o]
carlo?(k%+k?) sinf(nk_w) sin®(mk_h)
Bn - [e X y ;
(nkx) (nky)
2 2a 28 2
o Jo12np JkS+k® |dk_dk
B ;? R (Zﬂkx)z gf'* (any)z n( Vv X y) Xy
: (5.8)
Letting
u; = 2'npkx
uy = anky
equation (5.8) bccomes
. [] 1" w ' 2 _h_ " 2 '
ogf 0802 _u:_ui sin ?;; vy sin S uy, ‘
Bn - “2 fc w ul' Tl u"
o X vIo 7
1 1 2 D |~ n_
J = us+u dudu" (5.9
') .
(ao)2+dz (Bo)z*u; n (° AR ) o |




The integrals in (5.5), (5.7) and (5.9) were difficult
to evaluate., Although the components of the integrand are
relatively simplc functions, the argument of the Besscl
functicn prohibited separating the integral into two one-
dimensional integrals. No closed form solutions were found
so the integrals were evaluated numecrically. The numerical
method used is based on work by Pierce [9] who applied
Gaussian quadrature formulas to two dimensional integration

by integrating over & planar annulus in the (x,y) planc.

Caussian quadrature formulas are a means of evaluating
the integral by summing weighted values of the integrand at

specific points., For the one dimensional case,

b b
Jog(xjdx = jJ wi{x)i{x)dx (5.10} '
a a
where g(x) is the integrand to be integrated and w(x) is a
weight function for which the specific integration was
derived. For well behaved fun:ctions the integral may be
evaluated as
b m
/ g(x)dx = . A.f(x.,) + error (5.11) 4
. i i .
a i=1 S
where the xi's are the m zeros of the mth polynomial
m l 7, .
P (x) = T (x-x) .
m i=] 1 . 1 )

of the set of polynomials mutually orthogoral on the inter-

val {a,b] with respect to the weight function w(x). The

weights are given by




v ——

"I

.

P
o,

b
Ay = 7 w(x) Ly(x)dx (5.13)
a

where Li(x) = Pm(x)/[(x-xi)P$(xi)] is the Lagrange inter-
polation coc{ficient.

For a weight function w(x) and interval [a,b] the poly-
nomial Pm(x) and its zecros x5 and weight {actors Ai need be
computed only once. For a number of weight functions and
intervals the set of orthogonal polynomials is known., Stroud
and Secrest [13] give xi's and Ai's for a variety of weight
functions and internals. The degrce of the formula deter-

mincs the number of x;'s and Ai's. A 2M-1 dogree formula

3

i1l have M points and is exact for polynomial intecgrands of

[= %

egree 2M-1 or less,

a3

Pierce applied Gaussian quadrature integration tc two

dimensions where the solution is of the form

Jrg(x,y)dxdy = § ? Dijelxiyvyy)
The integration is over an annulus in the x,y plane with
inner radius R and outer radius 1. Rewriting the integral

in polar coordinates

1 2rn
J TG(r,8)ds8dr = I T DG(r;,8.) (5.14)
o i

£ ij jrii

Pierce showed the summation could be rewritten as

4(m+l) m+l .
ifl jil AiBJ.G(ri cosej,ri 51n0j) . (5.19%)




oy
e

o

where Ay and Bj are the weights for the radial and angular
directions respectively ard 4M+3 is thc degrce of accuracy.
For an arbitrary annulus the formula may be obtained by

rewriting cquation (5.14)

2m T2
I =7 7 f(r,0) rdrdo ‘ (5.16)
0 T
1
and letting
T
p--—-—
L
2 2r 1
IL=x, /7 7 pf(rzo.e) dodo. (5.17)
“o r
l/r2

The approximatc solution can be derived as

!
I - sz*lJ ?éj ABy1 (\/;§+oj(r§-ri), :, (5.18)
where
Aj = 21/4(m+1)
and

2 2 .
= f - =
Bj wj\r2 r1)/2, wj weight

M+1 is the order of the orthogonal pelynomial, in this case
the Legendre polynomial on the interval (0,1) and:j’s are
the zeros of this polvnomial. This type of formula is known
as a spherical product Gauss formula [12].

The annuli were picked at radii corresponding to the

zeros cof Jo(z) Lecause Jo(z) is the fastest danmpinrg component
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of the intcgrands. Onc additional annulus insidc the first
zero was found necessary to account for the ;%;7 term when
a is small and x (and y) approach zero. The distances
between annuli outside the first five to eight zeros were
found not to be critical and thus spaccd arbitrarily.

The Gaussian Quadrature formula uscd was a Gauss-legendre

24 .-point_{ormula as listed in [13] thus giving a degrece of

accuracy of 99, The integration is limited to only the first

quadrant as mentioned below. Thus for a 24-point formula,
(M+1)2 or 576 points per annulus were used to evaluate the
integral.

The expression for B is easiiy secen to be an even {unc-
tion both radially and about both plancr axes, therefore,
only integration over the first quadrant was necessary. l ;

" With a little more difficulty, Hn(;o) and ﬁn can be shown
(see Appendix F) to exhibit the same property provided one

expressicn is used for even n and another for odd n. By

calculating only over the first quadrant computer time was p-
considerably shortened.

In order to solve for coefficients of arbitrary order,
the Bessel functions of that order must first be obtained.
The available library subroutines were found inadeguate for
this use for two reasons. First, these routines have an 3
upper limit of 100 on the order of the Besscl function that i

can be computed and second, the routinc had to be called for

each individual order.
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The recursive relation

lrJ

Jo ) = Jne1 ) = Jpe (V) (5 19)

>

provides a basis for gencrating an array of Bcssel functions
3 ~ - . v
of various orders, lowever for.accuracy Jn+l(~) and Jn*Z(Y)
must be known
The most accurate method to numericalily calculate Resse?
functions of various orders and argiionts was found to he a

uniform asymptotic expansion involving Airy functions [1):

o ) 'A (n?38) = g ()
2) = ) A
n k=0 n
k= n .
~where A; and Af are two types of Airy functions and
-
% a3/% . in[ 1+ Vq::‘)/:} - Vl1l-z- z <1
ao(A) = 1
VEl26(1-29)2"%  8(1-27)
a, (8) << a_(8)
k> (5.21)

by (8) << b (8)

The Airy functions are calculated using the equations

R P
Aj(x) = 5 x7F e RL(8)




where

x3/2

o]
it
Wt

(5.22)

and

x = n2/3 4

The functions f(-8) and g(-8) are tabulated and linear
interpolation is uscd to determine their values. A is guar-
anteed to always be positive if n is selected to be larger
than the argument.

By picking an order much higher than the argument, v,
and Jv-l’ using the asymptotic expansion, the recursive
relationship (5.19) may be used to gencrate an array of
successive orders of the Bessel function down te and includ-
ing Jo. However, errcr builds up rapidly using this method.

A second relation
1 = Jo(y) + 2J2(y) + 2J4(y) + .. (5.23)
may be used to generate a normalizing factor

C = 1/[Jo(>') © 20,00 ¢ 2,00 ¢ ] (5.24)

Multiplying each Besscl function value generated in the
recursive relation by C resulted in very accurate values
being obtained. The computer program used to solve the
ejquations is listed as Appendix H.

To evaluate the numerical results a check was used which
summecd the coefficients and compr.cd this summation to an
snalytic cxprecssion for a sum that could easily be solved

numerically.
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For a particuler phase angle of the nutation cycle, w,t,

the radiance function for a

e kaot

-

H(wot) = i Hk(ro)c

target is

(5.25)

For ¢ point target and a rcctangular, circularly nutat-

ing detector

-anuzki sinﬂwkx janx(pcoswot -(rx-xo))
H(mot) = fe —-T_TT(X—_ (< de
-2nzozk§ sinthk,  j2rk (osinugt= (ry-¥,))
fe —T_ﬂ(—)_'_x € dk)’
(5.26)
which has the solution (see Appendix F)
11,
H(wot) T [}l(rx,xo,w) - Fl(rx’xo;w{][EZ(ry’yoh)
- Fz(ry,yo;h)J
where
r-z-pcosw _t
Elhyz,a)? Erf[ o+ 2 ]
vZo 2v20 4
r-z-osinmot 1
Ez(r,z,a) = Fri [ + 2
' V2o Z/TGJ
and Erf is the error function
X 2
Exf(x) = -/ e ¥ du (5.27)
ym 0

By evaluating the analytic expression at the phase in-

stant (uot) that the detector crosses the target and comparing

PR FPIIIEOLY. VI N



it against equation (5.27) for ar appreciably high n, a

reasonably check was made on the accuracy of the individual

signal coetficients,

. . -+ N
For the coefficients averaged over T,, the check was

made at wot = 0 where

H(o) =~ ¢ H

=13

, (5.28)

and the anaiytic expression is
< 1 Y . . v
H(o) = 3 [Fy(riokgaW) = Ey(raxg,-w) |[Fy(r,,voh)
- F‘S(ry’yo’h)]

where

Eq(r,z,0) = FZ(T’Z’G)‘wot=O (5.29)

The rms background voltage was used to check the coef-
ficients in the correlation function. The mean square volt-

age is

&l = E(BZ (1)) = RG(0) = T 8 . (5.30)

x 1 8

Appendix B shows that the correlation function may be written
as

w T 2

Ry (1) = RN Wa (k) I l4mek sin —9—| d°k (16B)

Substituting (5.1), (5.2), and (5.36) in (16B) and evaluat-

ing at v = 0




. -N\'c-»-bhsﬂ..-'-""; " o
Racar—a 3

-4n202k§
(3]

-

.2 sinz(nkxw)
ey = 0,420 /

(nkx)2 a‘

2.2,2
sinz(ﬂk h) e-dv ¢k

‘o 28 J— - ak_ . (5.31)
B (ﬂky)z— 82 « (_any)2 y

It can be shown (sce Appendix F) that an analytic expres-

sion 1is

5; = 4080§R(w;o)R(h;B)

- ()7
R(u,a)=.1”- 1 - Erfc (%)--—Zi[l—e :I
a

/Tu

2.2
e
2a3

+

[eau Erfc {ac +

+ ¢ % Exfc lao - f%) - 2Frfc(ao)1 (5.2.)
i

and Erfc is the complimentary error function

Ertc(x) du

The computcr program used to solve equations (5.6),
(5.7) and (5.9) and calculate the infinite summations is

listed as Appendix H.




VI. NUMERTCAL RESULTS

Numerical results constitute solving for the signal and
background coefficients and using thesc coefficicnts to
\ specify the form of the filter to be used in the threshold
detector as well as to calculatce the probability of detection
as a function of signal-to-noisc ratio (SNR), background-to-
noise ratio (BNR) and number of nutations (M) usecd to make

k the dccision. The probability of detection is detcrmined

for the averaged equivalent signal-to-noise ratio and for

specific point targets.

-

Many different values for systcm parametcrs and target

locations were used to compute the coefficients. A typical

R

: - sect of paramcters isl:

nutation radius = 15
width of detector = 30
height of detector = 1
b blur circle standard deviation = 5
i background correlation length x-direction = 20
- background corrclation length v-direction = 20
rosition of detecter in detector coordinate system
x direction = 15
y direction = 0
target coordinates (if desired)
x direction = 0
y direction = 0
pointing error standard deviation = 7.5

et e -

T I ——— == - -

A detector utilizing the paramcters above would trace out

the arca in the image plane shown in Figure 6.1.

!
1All units are in milliradians.
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Figure 6.1, Scanncd Area of Nutating Detector,

This type scan was chosen because it crossed the center

i e s e e
" B4

of the coordinate system which would be the center of the
target blur circle for zero pointing error. Also, in the
case of a random pointing error in the absence of bias :zero
mean is the center of the coordinates. This is important
because the threshold detector design is based on a Gaussian
pointing error with zero mean.

A sample calculation of 121 coefficients using the para-
meters above is listed in Appendix G. The equations shown
in Part V were used to check the accuracy of the coefficients.
Table 6.1 lists typical values for the summation of 121 coef-

ficicents for various sets of parameters and the calculated

summation values,




TABLE 6.1
calculated Sum Actual Sum
Signal (point target) .6826894 .6826993
6826895 0826994
.5438002 .5438087
Signal (averaged) .2990664D-6 .2991232D-6
.2328138D-4 .2328142D-4
,2651595N0-1 .2651595p-1
Background 6013477 6012230
.2347420 .2347420
.8335525 .8319764

Besides the gencral shapes of the background and signal
spectra, variations in the spectra due to detector size,
background correlation lengths and coordinates of the detec-
tor are of interest., Curves in the following figures show
the effects of these variations.

Figures 6.2 through 6.5 show the envelope of the one

side of the two-sided background power spectral density

oo

Splw) = i 8,8 (w-ku.)

where @y is normalized to 2r. The curves of Figures 6.2 and

6.3 illustrate the effect of varying the background correla-

tion lengths. In Figure 6.2 the correlation lengths are the
same in both x- and y-directions., Practical measurements,
however, indicate that correlation lengths in the horizontal

F (x-) direction may be longer than in the vertical (y-) direc-

ke o e

tion. The curves in Figure 6,3 are for this case,

o= e




The curves of Figurc 6.4 and 6.5 reclatc the spectrum to
changes in size of the detector. In Figure 6.4, only the
detector with BNR equal to 9 and number of nutations cqual
to 100 are shown in Figures 6.11 through 6.13. Fach figure
shows the cenvelope of one side of a double sided spectrum.
Two cases are considered. First, threshold detection systems
designed for different Gaussian pointing errors but with the
same size dctector are shown in Figures 6.11 and 6.12 and
sccond, detection systems designed for the same printing
error but utilizing different size detectors arc shown in
Figures 6.12 and 6.13.

The curves shown in Figures 6.14 through 6.16 show the
matched filter to a particular point target located within
thc scan. Notice cach of the filters exhibits a band pass
"~ characteristic, This is becausc of the additional noise
component (background). The oscillations observed in the
point target spectra of Figure§ 6.6 to 6.8 have been sup-
pressed to provide a look at realizable filters.

The probability of detection for the threshold detectcer

was shown in Part IV to be

1 Y
-
1 + MQkBNR“

. s 2
Qq = SNR /M| T |f|

=

Figures 6.17 through 6.20 show Od as a function of SNR,
BNR and M,
The probabilities of detection for point targets located

at specific points in the scan have also been plotted. The

probability of detection for a specific point target is shown as.the

Sa



s

width of the detccter is varied. As width is incrcased, so
is the area scanned by the detector. Figure 6.5 shows the
difference in spectra between a rectangular detector and a
squarc detector which have approximatcly the same surface
area. It should be obvious however that the rectangular
detector scans much more area per nutation than a square
detector of identical surfacc area.

The envelopes of signal coefficients (magnitude only)
for a point targct are plotted in Figures 6.6 through 6.8.
Phasc information depends only on thc location of the target
relative to the initial point for the nutatjon cycle which
is along the x axis. This has not been plotted. Changes in
the magnitude duc to changes in dectector size are shown,

Figures 6.9 and 6.10 show the envelopes of coefficients
for the signalthat is averaged with.respect to a Gaussian
pointing error. The bandwidth nf the averaged signal is
much less than a point target as expected. The figures show
the spectra for two different standard deviations of point-
ing error.

Matched filters (magnitude only) for the threshold
i fkﬁ;)fﬁ 57ﬁ5i§§§7
Qg = SNR'/M

Pyl ——y k
k 14MQ, RNR

where

1 —
SNR' = L 5 g /f// <
M n=1 n \/ 2
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Figures 6/21 through 6/24 show Qé as a function of SNR',
BNR and M.

The parameters of the nutating optical syst¢em have becn

varied to show their effect on Q, and Q-
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VIT. CONCLUSIONS

PPPPEE SR

The problem investigatcd in this thesis was to determine
an optimum processor to be used in detecting targets with an
infréred nutating system. The nature of the system divided
the problem into two arcas: optimizing a spatial processor

according to size and shape and optimizing a temporal pro-

T, i B Shsat .ttt MM stk e

cessor that takes the output time varving voltage and decides

if a target is actually prescent.

.-

General cquations for the output from a nutating detector
were known from Samuclsson's work, however these cquations

had not been solved for a specific detector. At the sanc

¢ bl akhise

...... S T o
Ul ciun

for the noisc offered an easy solution to integral equaticen
of the Karhunen-Locve expansion which mude statistical

detection theory appealing. Some work had been done c¢n the
Y o ap g

PO O e

form of temporal processor using statistical detection theory
but this was limited to only one nutation becausse of the
common background noisc component between nutations.

Harger's derivations provided a means for describing a
temporal processor using statistical detection theaory that
basced its decisions on nultiple observaticns and inc¢luded 3
the background noise. His work was extended here to include

unknown parameters, armplitude and positicn, which rore

. closely characterized the systen.,  This extension, called a

threshold detector, was shown to Lo eptinum in the case of ;




e et - T

+ et — PP S

c g

small signal-to-noisc ratios where detection is most diffi- ;@
cult, The derivation also used the Gaussian assumption to
describe the background. This may or may not be correct.

But in practice, the detector's performance may not suffer
greatly if this assumption is wrong.,

To implement the threshol! detector, the integrals
describing the detecor output were solved using the Gaussian
quadraturc method of numerical integration. Checking the
computed coefficients by a summation provided a means of
accepting the validity of the integrations, The form c¢f the
threshold detection syvstem using a rectangular detector was
dotermined and the frequency spectrun of the optimun {filter
was shown. To spccify performance, the probability of
detection is nlotted against signal-to-noisc and background-
to-noisc ratios and the nurber or nutations on wiaich the
decision was bascd. The signal spectrim for a point target
and background power spectral densit 15 also plotted.

A designer ray find these results userful in develeping a
system or investigating the performanc. of an actual system 3
compared to the optimum. e may also use these results to
deternine the size of a rectangulur spatial filter to be used.

Future work shculd include extending these results to
spatial filter: that are circular or c:liptic. The same
numerical integration algorithm could prebably be used. The
threshold detector was found to be highly sensitive to tack-

ground correlatien Jengths.  Thus, some form of adaptive

processor should be ypcluded 1o mininize the offect ¢

[P
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background. At the present time, a measurcment program is
underway at Naval Weapons Center, China lake, California

to determine average backgruund correlation lengths tut {or
different environments, these correlation lengths could be

cxpected to vary considerably,
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APPENDIX A

DERIVATION OF STGNAL SPUCTRAL COFFFICIPNTS

The radiance on the detcctor is periodic because of the

nutation thercfore it can be expressed in a Fourier series, i
1
i
© jnuot f
H(t) = L H e (1A) .
n '3
§
vhere :
1 T -jnwot §
}‘n-—-.l-.f H(t)e dt (2A) 1
Q
But, i
11
< [ao _ 2
H(t) = [N (Darp(t) afr . (34) 1
Substitutirg (3A) in (2A)
3
T -jnw _t
2 . 1 o
= ' A - .~ N
H jd r N'(r) Tf dt < (r-c(t) e (44

(e}

The transnittance, 1, may be expressed in terms of the

inverse Fourier transform, assuming an infinite image plane,

5 ~j2nke(r-p (1))
t(roo(0)) = [Tk cr)e T o T (54)
Rewriting the exroncnt,
E.(I-E(t)) = E'f - pkxcosJot - okysinuot (6A)

Fquation (4\) can be revritten,

88




T
2 gy 1 2, _
o=l N T_i dr [aPkar(h)e

j2nAsin(mot+0) -inwgt
e c

where . i
i

A= \'kx + ky

-1
6 = tan = ky/k (TA)
Observe that
2 ) 'jZﬂF'Z
NT( = [afr e (81)
thus
. T -jn(w_ t+0)
- 2 X . . ]nO 1 [e)
- fa2x x oo e™ g £ at e
jn[\sin[moi*?j :
‘e (9A) .
Using the rclation E
Jo(z) = le C-jn¢ Cj:‘.Sin? 43 (10A)
nt’ T v, A
0
the expression for the coefficients becomes
= 21 N (K TR (K in€ ren RPekC 1
B fd kN (TR e Jn(.JC Ve | (11A)

Let
- -1 -
¢ = tan kv /kx

.n_-jns ing
iNe J = g

Revriting (11A]
N



- -'nd} 4+ kK )- (12/\)
= 3" e s war e e e AT
A kN (K
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APPENDIX B

DERIVATION OF BACKGROUND CORRELATION COEFFICIENTS

th

The n power spectrum component of the background at

frequency Nw is given by

T -jnw
_ 1 0 .
Sn = £ RB(T)C dt (1B)

But R, (1) 1is the correlation function of detector ocutput

averaged with respect to the starting time,

R

T
p() = & f E[B(rrB()]de (2B)
A | g

Using the expression for B{i)

T
RB(T) = % £ dt E[fN'({)t({l-E(t+r))d2§l

el
'fN'Qz?T(zz‘e(tD]d“z (<B)

Interchanging the order of expectation and integratiorn,

Rg(1) = %]T dt fd2:1 fdzfz T[fl":’(t”‘)]

0

'1[32'9(”]?'['\"(51]'\”(32)_] | (4B)

Assuming statlionary background,

(5B)

—
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where ¢é(§1-§2) is the background covariance function on thce
image plane.

It is now convenient to express the integrand in terns
of two-dimensional spatial Fourier transform. To begin with

jenk-r 2
w(r) = Jre 77 %k (6B)

where 1(k) is the Fourier transform of the aperture function

T(I) and 5 = (kx,ky]. Then
j2n(k, ' 1y-K,'1,)
2 2 Jemiky IRt
= [P0y Jetkrrage TH R

=32l ks p(te1)-Kk,e (1)
o’ [4 J 228 ] (7B)

Substituring (5B) and (7B) in (4B) and interchanging the

order of intecgration,

2 2
Ry() = fafky c(kp) [eky or(ky)

T sj2n|korp () -k, o ()
[ b ]
15
5 jerkor R -j2n§2'32
' J”dhfl R splry-tade (88)

The last integral becomes, with R = ry°r

R -j2xk, R -j27k7'r1
[fd“ﬁt'@)e o “]e (9%)

But the bracket above i1s the Fourier transfornm of é[r], oT

the Wiener spectrum of background on the image plane. lLet
[ )27k, R,
[} . - DY A ~ - “D 10}
“3(52) jV5k~)L d”R (10B)
92
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1{ Fo(k) is the Fouricr transform of the point spread func-
tion and WB(R) is the Wiencr spectrum of background on the

object planc, then
11 " -~ 2 .
WLk = ]S w0 (11B)

This reclation is analogous to the output noise specir 1
expressionl du to a noisc input to a lincar system. In terms

of Wé(E) the last linc of (8B) 1is
j2n{k,-k,)r
RO R . 1OLIC IR O o)

Substituting this into (8B) and performing the integration

with respect to kz,

r
Rg(x) = fd°k (k) |7 Wg(K)
1 (T Jirkr (e (trx) -2 (1)) )
' T.f € dt (13B)
0
Since p(t) = (p cos. t, psinuot),
5 . [g(t*r)~:Lt)] = kxccos;o(t+t)+ kyosinuo(t*t)
-kxpc05;ot - kyL51ﬂth
= A(T)COS;Ot + 3(r}sinuot = :(r)cos(uot-;(tn
wher o
A(x) = p[kRCOSQDT + kysln;qr - kx}
‘- = -k sin.- - cC : - - -
R) ¢ kxhln“o‘ + Ly;osuok ky]
N NN i AN
Cled = WATObT ) = 0 (201 - cosu 2} (AT kD)

a3
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T eewAn R R

and

v(t) = tan ! %—}% (14B)

Thercefore the last integral of (13B) 1is

T j2me cos(w T+y)
] e dt = J_(2mc) (15B)

3

o]

where J\{-) is the zeroth order Besscl function. Therefore,

the corrclation function RB(T) is given by

w.T
. : 2
Rg(1) = JIT(E)IZ Wa () JO(?pr sin —%—)d E (16R8)
where

. o 21 o 4k dk
k= Jkeky o oand %k = dk dk,

Finu.ly, the power spectrum co~fficient Bn is, from (1B)

,
8. = [lt01? Wi’k

T w T -jnw 1
L1 : 0 R 9 .
T { J0<23 sin ~?—> e dr (17B)

where a 2nkp. The last integrzal becomes with x = mor/z

1 ™
k3 1 ; i 2
T-[ bo(Za sin x) coslnx dx

i
f Jo(Za sin x}sin Inm dx (18B)

L]
o
E N

The cosine integral equals Jﬁ(a) and thc sine integral

vanishes [2]. Thercfore on using (18B)

1
3
3
%
3




eime e v e horn e e e .

B = [ito1? 1r 012 wyk)a22nek) ek . (19B)

This is the gcneral power spectrum cexpression for a nutating
detecteor output. The power at frequency ney is expressed in
terms of aperturc transform t(k), optical transfcr function
PO(E)’ Wiener spectrum of background WB(E) and nutation

. 2 . R . . .
radius through Jn(2np5). The integration is over the entiie

k-plane.
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g APYINDIX C

EXPECTATION OF AIZ ;.
;
& .
| The essential calculation recquired to find :
; Alz({Zn}} = FB[AIZ({Zn}'B)] (1C)

for Gaussiun background B is the expectation

T T ,
1 = EB [cxpl/ A(t)B(t)dt - ¢ 7~ B“(t)dt]]
o o
F
! where
i ¢ = M/N
and
5 M
- s ” -
A) = & T (2 (1) - S (1) (20)
n=1
! B(t) may be expanded in its Karhunen-Loeve (K-L) repre-
L
sentation provided the mean square value

E(R%(t)) < = (3C)
b and thus the integral equation
! T
; i, (t) = {) Rg(t,u) ¢, (u)du 0<t<T f4c)
i can be solved. Ai are called the eigenvalues of the ccuation
j

and ¢i(t) arce called the eigenfunctions,

Using Mercer's thecorem, the correlation function of the

background may he expressod as




RB(t,U) =1 )‘k‘bk(t) ¢’*k(u) {(50)

=

The K-1 expansion of B(t) is

©o

B(t) = I byéy 1)

with

.
=/ B(1) ¢f(v)dt 0<t<T (6C)

b
koo

vhere the cocfficients, bk' arc uncorrelated and becausce
B(t) is Gaussian the coecfficients are statistically indce-
pendent with means yy and variances X 3

Also expanding A(t),
2 : w
' Alt) = L ap¢é, (v)
[N X KTk

with

T i
a, =/ A(t) gf(v)de, n <t «<T. (7¢)

Rewriting in terms of the expansions

1 T 1 ~x @ o @
' 1 1
I E exp{/ (5 I I ab® + 5 I I a*b.) ¢ (t)oX(t) dt
B [ IO 2 4 K D k R k k n
T @ o
-¢ [ Tt bnbﬁ ¢ (t)¢ﬁ(t) d? . (8C)
o n k A
Using ’
T %
= e + 1
s B MOIEE ;

Lcerbepl A abe! e




- e g 2

!

. @
e [ o by (] 1, . *
M Ein [cxp 1; (7 anba v E d;bn) c ; bnbn

Using the independence of the cogfficients

el
n

=°°3 l. ] *}
. 1 Epp ©€Xp lz anbn + anLn

e =]

L
2

!2

8

Ja
s cXp
n 4c

For Gaussian rairdom variables

Ebn cxp{-c’bn -

cxp[w mxm:/(l-ZWAﬂ

E(wxx®) = ) )

wvhere

m.~ . (x)
Ao E[(x-mx)(x*-m§)]

and w is a constant.

N - 3
I-Q-t X = bn an/-C
= -
and m M an/Zc
then
a
T

l

C e e R

l‘ (9C)‘

4

(11C)

exp{-Clun-an/?c]2(1+2cxai (120)

Substituting (12C) into (10C), and scparating terms

Ebn € Xp l—c‘bn -

!
(g}

(1 + 2ckn)

= . P —— ——"p . P

Lol
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S

-

b - - — - C—
[ S L e L ey e ard s

B 1 1 l nlzxn
I =0 (1« 2Ckn) cxp {5t T3
n " -
c ” u*(u -a /c)]
exp ot “‘1 ,“T“‘
@ pu_(uh-at/c)
c n‘'n n
Q.’(p = '2' f‘ 1 + 7Cun (13C)

This result can be written in <iosed foirm by using the

definition A = (4,¢,)

n
2
y B |anl \1 N T 1 T d . 14C
7L Tven, o ! deyriy) toA(r)alty,t,)  (14C)

where

a(ty,t,) « %f e dn (T eh(,) (15C)
n

is such thut operating on q(tl,:q) with

TT

1 . iy
I J R,(t,,t,) + Ry (T, 1)) (-)dt de, (15C)
o o B 172 AT NY1 2 172

and using Mercer's tacoren yiele s

T
W altty) + 1 Ry(T L) aleg,ey)dy = Ry(Ty ey (170)

Likewisc,

- ! + - g%
¢ ? pr(u an/c)-_ (u*-a*/¢)
~n 1 + ZC)

/
= 1 g (mb(t) - A—(_i)-»h(t) dt (18C)
<

Mitaude 8 17 Y Y
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ﬁhcrc
5 o Zu"
) hit) = L y5ver ¢,(8) (19C)
) n n :
; i
such that i':i
4 T
Nh{(t}) + 2M é RB(tS,t) h(ts)dt3 = Mmb(t) (200) -
_l

Taking the logarithm of both sides of cquation (13C) and

using the equations above

en1=2 (1+ 2ch )} e
n n e

N LT A

e e . 4 ————— T ot it e S | o o
ol $4 50 'k o agfes /7 _,
A 4 r vy Lo Bt ki Lo

: - M . N

. . .

T {, M

o Sodt, (5 (2 () - S (1)) a(t,,t.)
i o AN pey M2 m-"2 1' 73
f
‘ 1 ¢[>» M .

- J mb(t) - ﬁ § T (Zz(t) - Sz(t)) h(t)de
; 0 =1
j - _1
3 in 1 = I (1 + ZbAn)

n
1 T 1 M M M M

+ I/ T Z2,(ty) T 2 (t,) - L S,(ty) I Z (t,)
g NM 00 gy 1 gy M2 gep A1 L2y m 2
E M M M M 5

- I S(t)) I Z,(ty)+ L S (t.) L S (t )[q(t,,t,)dt,dt K -
' mel ™ 2 2=1 LYl 2=1 LTl m=1 ™ 2 1’72 1772

T

E - J mb(t)h(t)dt
i (o]
! Tt M
g L 200 T (2 (1) - S, (1)) h(t)dt . (21C)




e e e . = T

The likclihood ratio desired is

, M T ‘
Alz({zn}) = exp g nil £ zn(t)sn(t)dt

1 M T 2
- = I [ Sn(i)dt 1. (22C)
=l 0

Taking the logarithm of both sides and substituting the

expression for 2 (1), ©

M T
I 7 an(t)Sn(t)dt

in Alz({Zn}) - R

PALS]

M T 2
- - T f Sn(t)dt
n=l o

=z

gn (1 + ==\

+
Ll sl
=
~—
\

] [ , v -
+ 7! £ Z,(ty) ¥ (v,) i
NM o o [1 871 o Tmh2

A M M M
| = §,(ty) T Z_(t,)y - T S8 (t,) T Z.i:4)
R g1 Lt m=l M 2 mel M 2 iy [ IS |

M M
LoSy(t)) mzl sm(tz)} a(ty,ty)de de,

L=1

T , T M
- é m (R(1)dL + g é L (2,(t) - S (1))h(t)dt

' . ‘ L=1
i (23C)
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APPENDIX D

KARHUNEN-LOLVE RFPRESENTATION OF EQUIVALENT
STONALT0-NOTSY RATIO

The variance of the threshold statistic

M T )
We I f Z"(t)q(t)dt
n=1o
wheae
) [- T .
q(L) = % lf(t) - f f(uw)q(u,t)du (1D)
o}

under hyvpotheses “o and “1 is

L . -
VAR = NTM{, Q(tyae + u? fdt-q(t) fduq(u)liy(t,u) (2D)

Substituting (1D) into the first term of the variance

expression

T _, " T . - T .
ry f q-(t)dt = 3? £ dt[f'(t) -2f(t) i f(u)lq(t,')du

T,T - -
¢j.f f(u)f(v)q(t,u)q(t,v)dudv (3D)
oo

Using the Karhunen-Leeve rcpresentation

T «© e T
N [T -2 2N N A
z{ Q*(var = 3 [H WEy [) 6 ()42 (1)dt

2M
£ < M T ‘T

1

(g% )
w1 8
o~

1+ A o

o
n

kYD "T.l_f »‘k(t):,’,';(t,‘dtj fp(u) iy (u)du
N

itk iRl :

'
i
2
-
3
4
£
i
4
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Using

then

The

give

The

The K-L

T
6nk * £ ¢

2

second torm may be expressced in a similar manner to

[(t)ep(t)dt,

T w & LW
NM -2 S k N K
_{) qQ (1)dt = T i f]\f]': 1-2 ]—.,—_EXN'IT- + - T\L —,\——
) k B
! 2
M T s 1
¥ k

o o _ .zm)\ 2.:2)‘ n
L5 fr N m }‘, n f ¢ (t)¢r(t)dt
mon K ey guim, 5 mn

N “m N "n

T T
j ¢k(u)¢ﬁ(u)dl f ¢n(v)¢3(v)dl 4n)
o o

*® 2 o 2
1 I ] U VA SRR 1 -
N k 1+ 5 A k 1+ 5 :
N Tk N Tk ;
2M T - ,
VAR = D £ fp —d— . (6D)
_ k 1+ E )\k
equivalent signal to noise ratio in Part II is
M [T . )
I a 4 {f(t)q(t)dt
S
d = = (7D)

VAR

tepresentation of the numerator is

n=1 0

M N
L

z
i.
. - M 2 - 2 23
N YOO TTO IS I N EN R SR W | B C I B
n=3 " k -
103 i

AN

7




A T -
- — PR

d may now be represcnted by dividing (8D} by the square root
of (OD)
2M

M e 12
g or ’};“k‘ AR RSV
n=1

d = T
[g% i‘fk‘z/ E kk%

M - b
] 2 2N
RN [ilfk| LA ¥ Ak% )
- 2 Lk , (9D)
YN/2
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APPENDIX |
NON-ZERO TLRMS FOR NUMERTCAY INTLGRATION

tquation (5.%) for the radiance function for a point

target may be written us

1 = )2 xdoy? 'J(Px4Qy) sinax singy

7 J* - ¢ X Yy
n

S A o a
veTINe JHKC‘Qx ty*© ) dxdy

where

and
(1E)
Let E(x,y) be that part of the integral that is even about

both planar axis which is

N 2.2 . . -
Sy v = “X7-yT sinax sinfy rz,.2 \ .-
E{x,y) i—f ¢ - Ty Jo (c. VRO )L E)

/

Using Euler's reclation the integral beconmes

L Ulhw:.‘ e M;

et W eliidibd L i,

"

et



I= fE(x,y)[cos(Px+Qy) +jsin(Px+Qy)llcosnd - jsin n¢ldxdy (3C)

Using trigonometric identities

i-= fﬁ(x,y) _; Ti dxdy
i=1

vhere
Tl = Jo0s Px cos Qy cos n¢
T2 = -sinPx sin Qy cos ng
'l‘3 = -sin Px cos Qy sin n¢
T4 = -cos Px sin Qy sin ny
'1‘s = -j sin Px cos Qy cos n¢
Té = -3 cos Px sin Qy cos n$
T7 = -3 cos Px cos Qy sin n¢
T8 = +j sin Px sin Qy sin ng (4E)

To save computation time it 15 nevessary to determinc
which of the c<:ght integrals are always -erc and for which 1
they ave zero.

Observe that

"
Fe)
)

.
o
<
]
=
~
o
Ly
o
f —

cC0sS ng

L S P




Likewise
sin n¢ = (—71—7 n/z 1 (x+jy)n . (6LE)
x%ay m

The first term in brackets is always cven and may be made
part of E(x,y). The second term in brackets may be expanded

by the binomial expansion with the general term

RN CTOL (7E)
The first integral of (4E) becomes

l1 = IE(x,y)cos Px cos Qy Re(x+jy)n dxdy (8E)

For 11 to be ncn-zcro, Re(x+jy)n must be even in x and even j; 
in y. From {7E) this is truc only of even n; for odd n, I1

will always be :zero,

Examining the other seven integrals vields

rjE(x,y)[cos Px cos Qy cos n?

+ j sin Px sin Qy sin n&)dxdy n even

L]E(x,y)[cos Px sin Qy sin no
+ j sin Px cos Qy cos ng¢)dxdy n odd
(9E)
Cbserving that syvmmectry about the x- and v-axis 1is necessary
for this integral to bec non-zero and integrating only when
the intcgral is non-zero permits one to integratc only over o

the first quadrant.
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APPENDIX F

SUMATION CHECK

The signal for a point target was shown in Part 11 to be
, 2
Hoyt) = [N'(D)t(r-p(t)) d°r . (1F)

Assuming an infinite image plane, H(wot) may be written in

terms of the Fouricer transform as

-j2nk-p(t) 2
T d

-

H(u t) = IR 0T (e (2F)

For a rectangular detector (2F) may be written as

-1’70 . .
= : sinswkx sinvhKky
H(uot) = jc ﬂx —.ﬂ{y

- . 2 (s
'jonHB-(g(t)-ro) LI lxgrkyy ) @7k GF)

Let
x = V7 onkx
y = ¥2 cuky

and noting the integral may be separated into twoparts

vyl . i
Nhr x(oco>w0t (rx xo))

1 -X . WX
Hw t) = = Je sin — ¢ dx
° m j v2ia
sSi1n h—L_ fz— )
1 ]e_),z .f_zi eJ-c-,— y(esinu t - (r).-,vo))dy
T y
(4F)

S A S v

e e k(s S i ¢ ¥ s e

it it e

i
1
¥
H
3
i
%
:




Since the intcgration is -~ Yo += only even intecgrands will

be non-zero. Rewriting (4F)

sin =X

ll(tgot) = %L e X -——-—)-(——@- cos (SQ x{prcosw t - (rx-xo)]> dx

. hy
o 2 sS1in F- 7
.2 Y Yo ve i . .
= £ e 7 cos( 5 Y[051nw0t (ry yo)])dy.
(SF)
The general form of the integral is
R = R(B) = -z-fwe"‘z $in Ry <os(cu) du (6F)
w) e Y s .
Differentiating with respect to B
dR(B) _ 2 {7 -uf
= = e ¢os By cos Cu du. (7F)
—dB LA
But the solution to (7F) 1is known [2]:
S 3-0% 3+’
dR(B) _ 1 J . 4 8E"
a8 € © ' (8%,
2/
Since the constant of integration R(0) = 0,
w . (v-c 2 o - gw+c)2
R(B) = = |[ e eve [ e dw| (9F)
2/7 | ° »
Let
p = Y€
and
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— e — e e -

ibdasisi et e )

then
( B-C B+C 3
1 2 [ 2 p? 2 [ ¢ -q? {
R(B)=;——f o dP*-———[ e O gq i
“ var -C/2 vau J-C/2 g E
= e &Y o+ B (S E
2 2 2 (10F) |
where :
z 2
Erf(z) = 2 f ™Y dy . (11¥)
Y1 o
Substituting the result (10F) into (SF) 5
H(w t) = 1 [Frf (izj[oco<u t - r_*X ] . v) -
) 4 |- i\ o x 7o i L
2o E
/2 1 . =
L ) ~Exrf {— |pcosu_t - T_+X ] - /W T
. ( (o] [ o} X Q4 /-2‘5 ) , ;
i
|+ % 1, 1 | 3
+Erf |-= [osinw LI VA S N I h) §
° © Yool yiw oy P 3
i D
-Erf (f% [psinwot - rv+y0] - {_\ . (12F) ? -
: ‘ via / ,
The mean square voltage of the background may also be ;
solved in a like manner.
Frem Part V, the mean suare voltage was shown to be
) 2 _ (1.2 12w cus a2y ;
ep = [lral® TE 017wy a%k (13F)
which for a rectangular dctector becomes
202,2 i,
_2 Sinz(nk-\\') -dn Lx
= X e _ )
LB = 0602&—[ T3 -'3- _’---'*- 3 (”\\ R
il ]\): o o+ (._u]\x) : 3




e
1
i
i
B

PP -mm-t‘mummi}wm’ &L

2 2,2
qin (vk h) e 4no"k
———7-1"+——- —— dk (14F)
ky -2+(2rk)" Y
Letting
t = 2nk i
|
the gencral form of the integral to be solved is é
2,2
@ . 2. -0t
R(w = 2 [ 2o é“‘/z) Y (15F)
0 te/4 a®+t
Taking the first and second derivatives onc has ;
2 2 |
dR(u) 1 (% sin(2ut) ¢’ ° F dat (16T) :
du ™% t alet? i
and 1
d®r 1) 2 [* cos(2ut) -0°t?
- =7 3 5 € . (17F) !
du 0 a"+t 1
The solution to the second derivative iz known [2]: f
2 2.2 ;
o a .
d Rg“) = S [c @ Erfe (ac- 5=)
du -
+ e Erfc (ac ¢ 3] (18F)
where
(19F)

Erfc(z) = -2:-_[
VT “z

is the complimentary error function.

With lengthy and tedious calculations it can be shown

by using the relation




o}

(o)

with initial conditions cqual to zCro and

2
Feuy = S8R0 (21F)

du

f e e

that

-~ \2
R(u) = %5 [1-Erfc &) - 20 _ (1 Lot (u/29) \ﬂ

a v T . J
02(12 . il
RS [COH bric (o * 75 .
2a P

+ ¢ % Erfc (uo - %g)
- 2 Erfc (as)\ , (22F)

The mean squarc voltage thus becomes

TN | o o S Ao} ot 1n
i

¢ = gazof RGe2)R(R;A) - (23F)
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CONT INUE

SUM = 2.D0:'wRF3L1)/7X-BF312)
0C 76 1224NY2,42

SUM = SUM+#2.0073F3(1)
CONTINUE

COMPUTE NORMALIZING CONSTANT

SNORM = 1.00/SUM
NG 77 ]1®1.NUM
BF(I)=SNCRM.BF3 (1)

0CD ORDER BESSEL FUNCTIONS ARE 0DD

1E(KT.EQ.1) BFIT)=BF(1In(-1.,D00)%41
CONTINUE
87 = (2.0043F3(1)/X~BF3(2))&SNORM
:EBURN :
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